The Generalized Uncertainty Principle and the 
Friedmann equations 

Barun Majumder 



o 



in 



I 



> 

o 



X 



Abstract The Generahzed Uncertainty Principle (or 
GUP) affects the dynamics in Plank scale. So the 
known equations of physics are expected to get mod- 
ified at that very high ener gy regime. Very recently 
authors in I (|Ah et al. 20091 ) proposed a new General- 
ized Uncertainty Principle (or GUP) with a linear term 
in Plank length. In this article, the proposed GUP is 
expressed in a more general form and the effect is stud- 
ied for the modification of the Friedmann equations of 
the FRW uniyerse. In the midway the known entropy- 
area relation get some new correction terms, the leading 
order term being proportional to V Area . 
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If we apply Clausius relation of thermodynamics 
{SQ — T dS) to the apparent horizon of any finite di- 
mensional FRW uniyerse wit h any spatial curyatu re we 
get the Friedmann equationsi |Cai and Kim 20051) . The 
entropy is a quarter of the apparent horizon area and 
the temperature of the apparent horizon has the form 
T = accompanying two considerations for 

the deriyation of the Friedmann equations. Here T is 
the temperature of the apparent horizon with radius 
rA- 5Q denotes the amount of energy crossing the ap- 
parent horizon in an infinitesimal time interyal. Using 
the tunnelling approach method as propo sed by Parikh 



tne tunnelung approacn metnod as propo sed by rarixn 
and Wi lczekl dParikh and Wilczek 200ol) we can also 
proye | (jCai et al. 20091 ) that the apparent horizon of 
a FRW uniyerse in any finite dimension has an asso- 
ciated Hawking temperature giyen by T = The 



2TTrA ' 



application of the first law of thermodynamics in other 



Barun Majumder 

Department of Physical Sciences, 

Indian Institute of Science Education and Research (Kolkata) , 
Mohanpur, Nadia, West Bengal, Pin 741252 , India, 
email: barunbasanta@iiserkol.ac. in 



grayity theories such as Gauss-Bonnet grayity, Loye- 
lock grayity and also in yarious br a neworld scenarios 
can be found in. (Akbar et al. 2007l )l (|Cai et al. 2008| | 
( Zhu et al. 20091 ). Recently it was also discussed that 
the acceleration is due to an entropic force naturally 
arising from the information stor age on the horizon sur- 
face screen | (jEasson et al. 2011 ) . 

The idea that the uncertainty principl e could be af - 
fected by grayity was first giyen by Meadl |Mead 1964 . 
Later modified commutation relations between posi- 
tion and momenta commonly known as Generalized 
Uncertainty Principle ( or GUP ) were giyen by candi- 
date theories of quantum grayity ( String Theory, Dou- 
bly Special Relatiyity ( or DSR ) Theory and Black 
Hole Physics ) wit h the prediction of a minimum mea - 
surable length I ( Kempf. Mangano and Mann 19951) 
( Maggiore 19931) 1 |Veneziano 1986l) l |Cortes et al. 2005[ ).| 



Similar kind of commutation relation can also be found 
in the context of Pol ymer Quantization in terms of 
Polymer Mass Scale I jHossain et al. 2010l ). GUP ad- 
dresses the existence of a minimal length scale (gen- 
erally the Plank length scale is considered). We 
can use GUP to modify the black hole thermody- 
namics and thereby we can get correction terms fo r 
the Bekenstein-Ha wking entropy I (jNozari et al. 20071 ) I 
( Zhao et al. 20031 ). Using GUP we can also modify the 
Hawking temperature which eyentually preyents the 
total eyaporation of a radiating black hole. We get an 
inert remnant with zero entropy an d finite temperatur e 
in the final st ages of eyaporation] ( Adler et al. 200ll )l 
( Park 20081) 1 dGayagha et al. 20041) . For the FRW 
uniyerse in any finite (n -I- l)-din iension, we ca n 
modify the Frie dmann equations I (|Gai et al. 20081) I 
( Zhu et al. 20091 ) with the help of the first law of ther- 
modynamics on the apparent horizon. The modifica- 
tion is due to GUP because it affects the entropy-area 
relation by adding corrections. 
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The authors in | |An et al 20091 ) proposed a GUP 
which is consistent with DSR theory, String theory and 
black hole physics and which says 



[xi,Xj] = [pt^Pj] = 0, 



(1) 



ih 



I pS, 



PIPJ 



+f {p^Sij + iptPj) 



and 



2l{p)+AP{p^)] 



(2) 



(3) 



where I = Here Ip is the Plank length 

10~^^r7i) and it is generally assumed that = 1. It 
is evident that this new physical length scale which 
is of the order of a^lp cannot exceed the electroweak 
length scale ~ lO^^Zp which surely implies ag < 10^^. 
The above equations are approximately covariant un- 
der DSR t ransformations but not Lorentz covariant | 
( Cortes et al. 2005. ). These equations also imply 



5x > {5x)^ 



and 



Go 



(4) 



(5) 



where Mp is the Plank mass and c is the velocity of 
light in vacuum. The effect of this proposed GUP 
is well studied re cently for some well known phys - 
ical systems in | (|Ah et al. 20091 ) I |Das et al. 20091) I 
iMaiumder 201l[ ). 

In this article w e will reinvestig ate the results of 
I (jCai et al. 2008l)l (IZhu et al. 20091 ) using this newly 
proposed GUP I |Ah et al. 20091) . We wiU apply this 
GUP for the calculation of the modified entropy. Here 
we will make the assumption that the apparent hori- 
zon has the entropy which is the calculated modi- 
fied entropy. Then we will apply the Clausius rela- 
tion of thermodynamics to the apparent horizon to get 
the newly modified Friedmann equations which gov- 
erns the dynamical evolution of the universe. If we 
now see equation ^ we can easily notice that the 
uncertainty relation has a linear term in the Plank 
length which is absent in the earli er version of GUP I 
( Kempf. Mangano and Mann IQQsl) . Here we write the 
GUP of equation ([2]) in a more general form as 



SxSp > 1 + pipSp + a^ll {5p^) 



(6) 



Throughout the whole process we will consider h ^ G ~ 
c = kB = 1, where G is the Newton constant, c the 



velocity of light in vacuum and ks the Boltzmann con- 
stant. Here Ip is the Plank length. f3 is the coefficient 
of Ip and is the coefficient oi Ip. /3 essentially high- 
lights the effect of the linear term in Plank length of 
the uncertainty relation. We keep the freedom in our 
hand to choose the parameters a and /3. For example 
f3 = giv es back the earlier version of GU P as dis- 
cussed in I (|Kempf. Mangano and Mann 1995 ) . We can 
further tune /3 = — 2ao and = Aa^ so that we get 
back From equation (jS]) we can write the form of 
the momentum uncertainty as 



Sp 




> T-fcUP 
OX 



(7) 



where 



fcupiSx'^ 



2a^Pp 



pip 
6x 



1± Jl- 



(fa)2(l 



Sx I 



(8) 



foupiSx'^) measures the amount of departure from our 
usual Heisenberg uncertainty principle. We consider 
the negative sign for fcupi^^'^) the positive sign 
has no physical meaning. We now consider a (n + 1)- 
dimensional FRW universe with line element 



dr2 



1 — kr^ 



(9) 



where dfl^_i is the line element of a (ri— l)-dimensional 
unit radius sphere, a is the scale factor and k defines 
the curvature of the spatial section. Without the whole 
evolution history of the universe we cannot say anything 
about the cosmological event horizon. But a dynamical 
apparent horizon always exist in the FRW universe be- 
cause it is a local quantity of spacetime. The apparent 
horizon is a marginally trapped surface with vanish- 
ing expansion. The location of the apparent horizon is 
given by 



1 



rA = 



(10) 



where ta is due to the re-definition ta = ar. Here 
H{= ^) is the Hubble parameter. The apparent hori- 
zon and the cosmological event horizon coincide only for 
fc = 0. If we assume that the apparent horizon is asso- 
ciated with entropy S — ^ and temperature T — „ \ 
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then the apphcation of the first law of th ermodynamics 
-dE = TdS gives I |Cai and Kim 20051 ) us the Fried- 
mann equations 



"-A 



and 



Svr 



iP+p) 



167r 
n[n ~ 1) ' 



(11) 



(12) 



Here — dE is the amount of energy crossing the ap- 
parent horizon in an infinitesimal time interval, A{= 

71 r2. 



n' A 



) is the area of the apparent horizon with 
( — r(^+i) ) ' volume of an n-dimensional unit 
sphere, p and p are the energy density and pressure of 
the perfect fluid respectively. Evaluation of equation 
P2|l requires the conservation or the continuity equa- 
tion. Let us now consider that the apparent horizon 
absorbs or radiates a particle with energy — dE. We 
can identify this energy with the particle momentum 
uncertainty. If we apply the Heisenberg uncertainty 
principle to the situation then the increase or decrease 
in area of the apparent horizon is given by 



dA 



-dE 
T 

4 1 



(13) 



If we consider the effect of GUP (equation (O) then the 
above equations should be modified. We now write 



^^fGUp{Sx^)dA. 



(14) 



Now 5x « 2?-A = 2(;^)"-V So Jgup{5x^) can be 
written as a function of A. We will now use fGUp{A) 
instead of fcupiSx"^). A straightforward calculation 



gives the form of fGUp{A) in series form and we write 



faup{A) = l + ^l, 



4 V ^ 



A 



2a4 + /34 _^ gQ,2^2 ^^^^ 



16 



p V A 



E 

d=3 



32 

/2d(a/3) Ip 



~A 



2d I n^ln 
A 



2d + l 



(15) 



Here /2d(a/3) and /2d+i(a/3) are polynomial functions 
of a and /3. We now investigate our FRW universe in 
(3-|-l)-dimension. By putting n = 3 in equation (fTS)) 
we get 



P , /47r\ 



faup{A) = l + ^lp ^—j 

3a^^_+^ 3 /47r\^ 
+ 8 P\Aj 



+ 



10a4/3 + 10a2/33 + 



32 



E 

d=3 '- 



/2d(a/3);f ( ^ 



47r 



47r 



(16) 
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Using ([T6| with ([14)) we get the area with corrections 
as 



A 



GUP 



A+{Att)^ pip 



2/P 1 «3\ 



3 (3a2/3 + 



It A" 2 



-(47r)2-i -^llA 2 



E 

rf=3 



48 
2rf (47r)'^ 



^1 (47r) 2 



2d - 1 



(17) 



where C is the integration constant. FoUowing Beken- 
stein Hawking argument for the entropy area relation 
we can calculate the GUP modified entropy in this case. 
The entropy is given by 



A 
1 



Sgup = - + '^^ P^p \i 4 



+ In^ 

3 (3«^/3 + /33) fA 
4 P ^4 



A 



4 

P \ 4 



E 

d=3 L 



■ r 

48 P V 4 

{aV 



2d 



d- 1 V 4 



+c . 



2d+l 



TT 2 



2d - 1 V 4 



A 



(18) 



Here we see that a new correction ^ is added to 
the entropy. This is a consequence of the linear term in 
Plank length in the uncertainty relation. This new en- 
tropy bound different from the conventional ones was 
first pointed out in | (|Ali 2011 ). Here we would like 
to avoid going into the debate about the sign of the 
prefactor of the correction terms. Considering S{A) 
as the entropy of the apparent horizon we can obtain 
Friedmann eq uations by apply in g the first law o f ther- 



J^riedmann eq uations by apply in g tne tirst law o r tner- 
modvnamics[ (|Cai et ah 20081 )1 |zhu et al. 20091) . The 



equations are 
k 



(h^-^s'{A) = -Ap + p) 



and 

87rp 
~3~ 



dA. 



(19) 



(20) 



The prime denotes the derivative with respect to A. We 
will consider Sgup{A) as the entropy of the apparent 
horizon due to the GUP considered. Using (IT51) . 
and ([20]) we finally get the modified Friedmann equa- 
tions as 



-47r(p + p)= (ij--) 



B , /47r 



+ 



ia^P + 3 (Ait 



8 



A 



32 p It] 



d=3 



+/2d+i(a/3)/^'^+i 



47r 



and 



87rp 



An 



_ + (4^)2^A 2 



2 



llA-^ 

2fl I fl3 



-K(47r)- 



d=3 



lOa^P + lOa^P^ + /35 
112 

2d (47r) 



It A" 2 



+2/2d+i(a/3) i; 



2d+i i^^y 



2d + 3 



-2d-3 

-A^~ 



(21) 



(22) 
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Now if we set /9 = in equations ([2T]) and (|22]) we 
get back equations (26) and (27) of | (|Zhu et al. 20091) 
where the uncertainty relation was considered to be 
5x5p > 1 + a'^ Ip (Sp)'^. Now we can easily tune the 
parameters /3 = — 2ao and — Aa^ so that they sat- 
isfy equation ([3]) . Interestingly the dominant correction 
term in the GUP modified entropy is the \/A term. We 
also see that there are new corrections with fractional 
power of A like A~2^ and so on. This is quite 

different from our conventional knowledge. We know 
that GUP effects the dynamics of the black holes and 
our early universe where very high energy effects seem 
important. In this article we have derived the modi- 
fied Friedmann equations considering the Generalized 
Uncertainty Principle mentioned earlier. In the mid- 
way we found new correction terms being contributed 
to the existing entropy-area relation. We hope that our 
investigation might be helpful in providing a better un- 
derstanding of the physics in the Plank regime. 

Acknowledgements The author is very thankful to 
Prof. Narayan Banerjee for helpful guidance and en- 
lightening discussions. The author would also like to 
thank an anonymous referee for useful comments and 
suggestions. 

References 

A. F. Ali, S. Das and E. C. Vagenas, Phys. Lett. B 678 

(2009) 497. 
C. A. Mead, Phys. Rev. D 135 (1964) 849. 
A. Kempf, G. Mangano and R.B. Mann, Phys. Rev. D 52 

(1995) 1108. 
M. Maggiore, Phys. Lett. B 319 (1993) 83; 

L. J. Garay, Int. J. Mod. Phys. A 10 (1995) 145; 

A. Kempf, J. Phys. A 30 (1997) 2093; 

F. Brau, J. Phys. A 32 (1999) 7691; 

J. Magueijo and L. Smolin, Phys. Rev. Lett. 88 (2002) 
190403; 

J. Magueijo and L. Smolin, Phys. Rev. D 71 (2005) 
026010; 

S. Hossenfelder, M. Bleicher, S. Hofmann, J. Ruppert, S. 
Scherer and H. Stoecker, Phys. Lett. B 575 (2003) 85; 

C. Bambi and F. R. Urban, Glass. Quant. Grav. 25 (2008) 
095006. 

G. Veneziano, Europhys. Lett. 2 (1986) 199; 

D. J. Gross and P. F. Mende, Nucl. Phys.B 303 (1988) 
407; 

D. Amati, M. Ciafolini and G. Veneziano, Phys. Lett. B 
216 (1989) 41; 

K. Konishi, G. Paffuti and P. Provero, Phys. Lett. B 234 
(1990) 276; 

M. Maggiore, Phys. Lett. B 304 (1993) 65; 
M. Maggiore, Phys. Rev. D 49 (1994) 5182; 

E. Witten, Phys. Today (1996) Apr. 24; 

R. J. Adler and D. I. Santiago, Mod. Phys. Lett. A 14 
(1999) 1371; 

F. Scardigli, Phys. Lett. B 452 (1999) 39. 



J. L. Gortes, J. Gamboa, Phys. Rev. D 71 (2005) 065015. 
R. G. Cai and S. P. Kim, JHEP 02 (2005) 050. 
M. K. Parikh and F. Wilczek, Phys. Rev. Lett. 85 (2000) 
5042. 

R. G. Gai, L. M. Gao and Y. P. Hu, Glass. Quant. Grav. 26 

(2009) 155018. 
M. Akbar and R. G. Cai, Phys. Lett. B 648 (2007) 243; 

M. Akbar and R. G. Gai, Phys. Lett. B 635 (2006) 7; 

G. Eling, R. Guedens, and T. Jacobson, Phys. Rev. Lett. 

96 (2006) 121301. 
R. G. Cai, L. M. Cao, Y. P. Hu and S. P. Kim, Phys. Rev. 

D 78 (2008) 124012; 

R. G. Gai and L. M. Gao, Phys. Rev. D 75 (2007) 064008; 

M. Akbar and R. G. Cai, Phys. Rev. D 75 (2007) 084003; 

A. Paranjape, S. Sarkar and T. Padmanabhan, Phys. Rev. 

D 74 (2006) 104015. 
R. G. Gai, L. M. Cao and Y. P. Hu, JHEP 08 (2008) 090. 
T. Zhu, Ji-Rong Ren and Ming-Fan Li, Phys. Lett. B 674 

(2009) 204. 

K. Nozari and A. S. Sefiedgar, Gen. Rel. Grav. 39 (2007) 
501; 

A. J. M. Medved and E. G. Vagenas, Phys. Rev. D 70 

(2004) 124021; 

R. Zhao and S. L.Zhang, Phys. Lett. B 641 (2006) 208. 
R. Zhao, Y. Q. Wu and L. C. Zhang, Glass. Quant. Grav. 20 
(2003) 4885; 

X. Li, Phys. Lett. B 540 (2002) 9; 

W. Kim, Y. W. Kim and Y. J. Park, Phys. Rev. D 74 
(2006) 104001; 

Y. S. Myung, Y. W. Kim and Y. J. Park, Phys. Lett. B 
645 (2007) 393; 

W. Kim and J. J. Oh, JHEP 01 (2008) 034; 

W. Kim, E. J. Son and M. Yoon, JHEP 01 (2008) 035; 

Zhao Ren, Zhang Li-Ghun, Li Huai-Fan and Wu Yue-Qin, 

Int. J. Theor. Phys. 47 (2008) 3083. 
R. J. Adler, P. Chen and D. I. Santiago, Gen.Rel.Grav. 33 

(2001) 2101. 
M. Park, Phys. Lett. B 659 (2008) 698. 
M. Cavaglia and S. Das, Class. Quantum Grav. 21 (2004) 

4511; 

B. Bolen and M. GavagUa, Gen. Rel. Grav. 37 (2005) 
1255; 

K. Nozari and S. H. Mehdipour, Mod. Phys. Lett. A 20 

(2005) 2937; 

K. Nozari and S. H. Mehdipour, Int. J. Mod. Phys. A 21 

(2006) 4979. 

Ahmed Farag AU, Class. Quantum Grav. 28 (2011) 065013. 
G. M. Hossain, V. Husain and S. S. Seahra, Glass. Quantum 

Grav. 27 (2010) 165013. 
S. Das and E. G. Vagenas, Can. J. Phys. 87 (2009) 233; 

S. Das, E. C. Vagenas, A. F. Ali, Phys. Lett. B 690 (2010) 

407; 

P. Alberto, S. Das, E. G. Vagenas, Phys. Lett. A 375 
(2011) 1436. 
B. Majumder, Phys. Lett. B 699 315 (2011); 
B. Majumder, ajXiv:1105. 2428 v^l [gr-qc]; 
B. Majumder, Phys. Lett. B 701 384 (2011); 
B. Majumder, arXiv:1106.0715 [gr-qc]; 
B. Majumder. larXiv:1106.4494 [gr-qc]. 



6 



D. A. Easson, P. H. Frampton and G. F. Smoot, Phys. Lett. 
B 696 273 (2011); 

D. A. Easson, P. H. Frampton and G. F. Smoot, 
larXiv:1003.1528V 2 [hep-th]. 



This manuscript was prepared with the AAS L^TJ^X macros v5.2. 



